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Îòêðûòàÿ îëèìïèàäà ïî ìàòåìàòèêå

10 äåêàáðÿ 2011

Âðåìÿ ðàáîòû: 180 ìèíóò

Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 10 áàëëîâ.

1. Íàçîâåì êîíå÷íîå ÷èñëîâîå ìíîæåñòâî ñâîåîáðàçíûì, åñëè îíî ñîäåðæèò ÷èñëî, ðàâíîå êîëè÷åñòâó åãî

ýëåìåíòîâ, íî íèêàêîå åãî ñîáñòâåííîå ïîäìíîæåñòâî ýòèì ñâîéñòâîì íå îáëàäàåò. Îïðåäåëèòå êîëè÷å-

ñòâî ñâîåîáðàçíûõ ïîäìíîæåñòâ ìíîæåñòâà {1, 2, . . . , 12}.

2. Îïðåäåëèòå ìíîæåñòâî çíà÷åíèé ôóíêöèè, ñîïîñòàâëÿþùåé êàæäîìó ïðÿìîóãîëüíîìó òðåóãîëüíèêó

îòíîøåíèå
h

r
, ãäå h � âûñîòà, ïðîâåäåííàÿ ê ãèïîòåíóçå, à r � ðàäèóñ âïèñàííîé â òðåóãîëüíèê îêðóæ-

íîñòè.

3. Äâå ïîñëåäîâàòåëüíîñòè {xn}∞n=0 è {yn}∞n=0 óäîâëåòâîðÿþò óñëîâèÿì:xn+1 = 2xn − αyn,

yn+1 = 2yn −
1

α
xn

ïðè âñåõ n > 0, ãäå α 6= 0 � ïîñòîÿííàÿ âåëè÷èíà, à x0 = 1 è y0 = 0. Íàéäèòå x2012 è y2012.

4. Ñóùåñòâóåò ëè òàêàÿ ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {xn}∞n=1, ÷òî äëÿ íå¼ ñïðàâåäëèâû ñîîò-

íîøåíèÿ:  lim
k→∞

x12k = 20,

lim
k→∞

x20k = 12?

5. Íàéäèòå

π/2∫
0

(
sin2(sin2 x) + cos2(cos2 x)

)
dx.

6. Íàéäèòå

∞∑
n=0

n+ 2

n! + (n+ 1)! + (n+ 2)!
.

7. Íàéäèòå âñå ôóíêöèè f : [0, 1] → R, óäîâëåòâîðÿþùèå íåðàâåíñòâó (x − y)2 6 |f(x) − f(y)| 6 |x − y|
äëÿ ëþáûõ x, y ∈ [0, 1].

8. Ïóñòü x1, x2, . . . , xn, . . . � âñå ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ tg x = x, âûïèñàííûå â ïîðÿäêå

âîçðàñòàíèÿ, n1, n2, . . . , nk, . . . � íåêîòîðàÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë.

Äîêàæèòå, ÷òî ðÿäû

∞∑
k=1

| cosxnk
| è

∞∑
k=1

1

nk
ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî.

9. Êâàäðàòíàÿ ìàòðèöà A ïîðÿäêà n ñîñòîèò èç ÷èñåë +1 è −1. Ïðè ýòîì, â êàæäîé ñòðîêå è â êàæäîì

ñòîëáöå ýòîé ìàòðèöû íàõîäèòñÿ ðîâíî îäíî ÷èñëî −1. Íàéäèòå |detA|.

10. Ïóñòü S � ñóììà âñåõ îáðàòèìûõ ýëåìåíòîâ êîíå÷íîãî àññîöèàòèâíîãî êîëüöà ñ åäèíèöåé. Äîêàæèòå,

÷òî S2 = 0 èëè S2 = S.


